Teleportation capability, distillability, and nonlocality on three-qubit states 
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In this paper, we consider teleportation capability, distillability, and nonlocality on three-qubit 
states. In order to investigate some relations among them, we first find the explicit formulas of 
the quantities about the maximal teleportation fidelity on three-qubit states. We show that if any 
three-qubit state is useful for three-qubit teleportation then the three-qubit state is distillable into 
a Greenberger-Horne-Zeilinger state, and that if any three-qubit state violates a specific form of 
Mermin inequality then the three-qubit state is useful for three-qubit teleportation. 

PACS numbers: 03.67.Mn, 03.67.Hk, 03.65.Ud 



I. INTRODUCTION 

Teleportation capability, distillability, and nonlocal- 
ity have been considered as significant features of quan- 
tum entanglement, and have been helpful to understand 
quantum entanglement. The three features have been 
known as a practical application of quantum entangle- 
ment, an important method to classify quantum entan- 
glement with respect to the usefulness for quantum com- 
munication, and a physical property to explain the quan- 
tum correlation, respectively. 

In the case of 2-qubit states, it has been shown that 
there are two relations among the three features: If any 2- 
qubit state is useful for teleportation then it is distillable 
into a pure entanglement, and if any 2-qubit state violates 
the Bell inequality then it is useful for teleportation 
Then one could naturally ask what relations exist for 
multiqubit states. 

In order to answer the question, a proper concept of 
teleportation capability over multiqubit states should be 
required, since distillability and nonlocality over multi- 
qubit systems have been already presented, and their re- 
lations have been appropriately investigated @, H, 0, [E • 
In this paper, we present teleportation on 3-qubit states, 
which could be generalized into the multiqubit case. We 
then define the meaningful quantities related to the tele- 
portation capability on 3-qubit states, and compare the 
quantities with distillability and nonlocality to look into 
the relations. 

This paper is organized as follows. In Sec. [IT] we prop- 
erly define the quantities representing teleportation ca- 
pability over 3-qubit states, and explicitly compute the 
quantities. In Sec. IIII1 we show that there are two re- 
lations among teleportation capability, distillability, and 
nonlocality, which are similar to the 2-qubit case. Finally, 
in Sec. IIVI we summarize and discuss our results. 



(i) One-qubit orthogonal measurement 
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(ii) Two-qubit orthogonal measurement (iii) Unitary operation 

FIG. 1: The modified teleportation protocol over a 3-qubit 
state presented in [jj: The dotted boxes and ellipse represent 
performing the orthogonal measurements and applying the 
unitary operation, respectively. The arrows represent send- 
ing classical information corresponding to the measurement 
results. 



II. TELEPORTATION CAPABILITY OVER 
3-QUBIT STATES 

For teleportation over 3-qubit states, we recall the 
Hillery-Buzek-Berthiaume [7( protocol, which is the split- 
ting and reconstruction of quantum information over 
the Greenberger-Horne-Zeilinger (GHZ) state [1] by lo- 
cal quantum operations and classical communication 
(LOCC). The protocol can be modified into a telepor- 
tation protocol over a general 3-qubit state in the com- 
pound system 123, as presented in Q. The modified 
protocol is illustrated in Fig. Q] and is described as fol- 
lows: Let i, j, and k be distinct in {1,2,3}. (i) Make 
a one-qubit orthogonal measurement on the system i. 
(ii) Prepare an arbitrary one-qubit state, and then make 
a two-qubit orthogonal measurement on the one qubit 
and the system j. (iii) On the system k, apply a proper 
unitary operation depending on the 3-bit classical infor- 
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mation of the two above measurement outcomes. We 
remark that the modified protocol is essentially equiva- 
lent to the original one with respect to the splitting and 
the reconstruction of quantum information. 

As mentioned in [9j] , it is noted that any observable for 
a one-qubit measurement can be described as 



U^a 3 U = L7't|0)(0|?7-U' t |l)(l|Z7, 



(1) 



where 173 = |0)(0| — |1)(1| is one of Pauli matrices, and 
U is a 2 x 2 unitary matrix. Thus, after the step (i) 
of the teleportation protocol over a given 3-qubit state 
P123, the resulting 2-qubit state of the compound system 
jk becomes 



Qjk = 



ixi (uJ\t){t\Ui ® Ij k fH2aU}\t) (t\Ui ® Ijk 

{t\u iPi u}\t) 

tei (\t)(t\Ui ® I Jk piaaUl\t)(t\ ® I jk 

(t\u iPi uJ\t) 



(2) 



with probability (t\UiPiU^\t) for each t = 0, 1, where Ui is 
a 2 x 2 unitary matrix of the system i, and p$ = iXjk(pi23)- 
We now review the properties of the teleportation fi- 
delity [l(| , which represents the faithfulness of a telepor- 
tation over a 2-qubit state, and the fully entangled frac- 
tion [l|, [TJ, [l2], [l| . The teleportation fidelity is naturally 
defined as 



(3) 



where A p is a given teleportation protocol over a 2-qubit 
state p, and the integral is performed with respect to the 
uniform distribution dt; over all one-qubit pure states, 
and the fully entangled fraction of p is defined as 



f{p) = max{e\p\e), 



(4) 



where the maximum is over all maximally entangled 
states |e) of 2 qubits. It has been shown |l2|, [H[ that 
the maximal fidelity achievable from a given bipartite 
state p is 



2/(p) + 1 



(5) 



where A p is the standard teleportation protocol over p to 
attain the maximal fidelity. We remark that F(A P ) > 2/3 
(or f(p) > 1/2) if and only if p is said to be useful for 
teleportation, since it has been shown that the classical 
teleportation can have at most F = 2/3 (or / = 1/2) [l], 

MM- 

Let Fi be defined as the maximal teleportation fidelity 
on the resulting 2-qubit state in the compound system jk 
after the measurement of the system i, and let /, be the 
maximal average of the fully entangled fraction of the 
state in the compound system jk after the measurement 
of the system i, that is, 



fi = 



max 



\U iPi Uj\0)f( Q %) + (l\U iPi U}\l)f(g) k ) 



where the maximum is over all 2 x 2 unitary matrices. 
Then, as in the 2-qubit case, it can be obtained [9] that 
for i e {1,2,3} 



Fi = 



2fi 



(7) 



By the reason as in the 2-qubit case, a given 3-qubit state 
P123 can be said to be useful for 3-qubit teleportation if 
and only if > 2/3 (or f t > 1/2) for every i £ {1, 2, 3}. 

In order to explicitly calculate the values of fi, we re- 
mark that a three-qubit state P123 can be described as 

-J® 7® I 
8 

1 , .. „ „ ^ 

+ - {si ■ a ® I ® I + I ® s 2 ■ o- ® I + I ® I ® s 3 ■ a) 
8 

1 3 



j,k,i=i 



where cr, are Pauli matrices, <? = (ci, (T2, C3), Sj are real 
vectors in R 3 satisfying \si\ < 1, and b\ l and P 1 are real 
numbers. 

For each i = 1, 2, 3, let bj be a 3 X 3 real matrix with 
(fc, 0-entry &f . Let T{, T|, and be 3 x 3 real matri- 
ces with (fc, Z)-entry P kl , (j, Z)-entry t jfe , and (j, /c)-entry 
P kl , respectively. Then by way of the results in [lj , it is 
obtained that for each i = 1,2, 3, 



1 1 

fi = — I — max 
■" 4 8 



3 

Ibi + ^^T: 
i=i 



(9) 



where 



tr 



and the maximum is taken over real 



numbers xi satisfying x\ + x\ 



- -n 



1. By simple calcu- 



lations of the Lagrange multiplier, we have the following 
formulas: For each i = 1,2,3, 



1 1 

4 + 8 



|b. t + 5>T<|| + ||b. 1 -5>T<| 



1=1 



(10) 



where m = \\T\\\ / ^£J?W ■ 

For instance, we consider the values of fi on the class 
of 3-qubit states with 4 parameters presented by Diir et 
al. 

PGHZ = A+|*+>(*+|+Ao|*oX*o| 

+i2 x i(M)(*t\ + \*J)(*7\)> ( n ) 

3=1 

where Aq + Aq~ + 2^-Aj = 1, and \^f) = 
(6) (|j) ± |7-j)) /V2 are the GHZ-basis states. We note 



(8) 
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that any of 3-qubit states can be transformed into a state 
Pghz m the class by LOCC (the so-called depolarizing 
process) flH fl6^. 

Without loss of generality, we may assume that Xq 
is not less than Xq and Xj, since otherwise it can be 
adjusted by a local unitary operation. Then by Eq. (fTo]) . 
for 4-parameter states pghz, we obtain 



h 


= A+- 


f A 3 


= 1/2 H 


-(A + 


-Aq)/2-Ai 


h 


= A + - 


f A 2 


- 1/2 H 


-(Ac[ 


-Aq)/2-A! 


h 


= A+- 


f Ai 


= 1/2 H 


-(Ac[ 


-Aq)/2-A 2 



III. RELATIONS WITH DISTILL ABILITY AND 
NONLOCALITY OF 3-QUBIT STATES 

We now take the distillability over 3-qubit states into 
account. Note that if a 3-qubit state pyiz has p 123 < for 
all j = 1, 2, 3, where Tj represents the partial transposi- 
tion for the system j, then one can distill a GHZ state 
from many copies of P123 by LOCC [15]. (We call such 
a state GHZ-distillable.) Thus, it can be obtained that a 
given 3-qubit state P123 is GHZ-distillable if Nj(pi 23 ) > 
for all j = 1, 2, 3, where 

Nj(pi2 3 )= (\\p%\\-l)/2, (13) 

which is called the negativity, a bipartite entanglement 
measure [13, OH • We recall that for any 2-qubit state p, 
its fully entangled fraction and its negativity satisfy the 
inequality f(p) < 1/2 + N(p), where N is the negativ- 
ity [13]. Then since TV is an entanglement monotone, it 
follows from the definition of fi in Eq. ([6]) that for any 
3-qubit state P123 

1 

fi = max^<t|C/^|t)/(4) 
* t=o 
1 

< max J2 (WiPiUht) (1/2 + N(g%)) 

' t=o 

< 1/2 + Nj(p 123 ), l/2 + iV fe (p 123 ), (14) 

where i, j and k are distinct in {1,2,3}. Therefore, by 
the inequalities in IT4]) , we obtain the following theorem. 

Theorem 1 If a 3-qubit state p\ 23 is useful for 3-qubit 
teleportation then it is GHZ-distillable. 

We remark that the converse of Theorem [1] is not true in 
general. For example, we consider pghz with = 0.4, 
Aq = 0, and Ai = A2 = A3 = 0.1. Then since 

NjipcKz) = max{0, (A+ - A^)/2 - A*-,-}, (15) 

we get NiOoghz) = N 2 (pghz) = N 3 (p GH z) = 0.1 > 0, 
that is, it is GHZ-distillable. However, since f\ = f 2 = 
/ 3 = 0.5, it is not useful for 3-qubit teleportation. 



For the nonlocality over 3-qubit states, we consider the 
Mermin inequality [2] on 3-qubit states. Let Bm be the 
Mermin operator associated with the Mermin inequality 
as the following. 

Bm = Si ■ a ® a,2 ■ <J ® 03 • a — ai ■ a ® b 2 ■ 3 ® 63 ■ a 
—b\ ■ 3 ® a 2 ■ 3 ®b 3 ■ 3 —b\ ■ 3 ®b 2 ■ 3 ® a 3 ■ 3, 

(16) 

where Sj and bj are unit vectors in IR 3 . Then for a given 
3-qubit state p, the Mermin inequality is 

tr(p£! M )<2. (17) 

We take Sj = (0, -1,0) and bj = (-1, 0, 0) for all j 
1.2. .'). Then after local phase redefinition [J], the Mermin 
operator Bm in Eq. (| 16|) can be written as 

B^ =4(|*+X*+|-|*o)<*o|). (18) 

Note that any 3-qubit state P123 can be transformed into 
a 4-parameter state pghz in Eq. (jlip by the depolarizing 
process, and that Aj = <*J|p GH z|^o) = (#0 \pu3 |*o > 
and 2Aj = (*+ |p GH z |*+) + (*7|pghz|*7) = 
(*+|pm|*+) + (*~|pi23|*7)- Thus, for the Mermin 
operator Bm in Eq- CHI) i we obtain the following equal- 
ities: 

-tv{px^B Mo ) = {^t\Pi^t)~ <*o|Pi2s|*o) 

= (*j"|pGHz|*i">-(*o|pGHz|*5") 

= A+-A -. (19) 

We now assume that a given state P123 violates the Mer- 
min inequality with the Mermin operator in Eq. (|18[) . 
Then A^ - A > 1/2, and hence /i(pGHz) = X^ + X 4 -i > 
1/2 for each i = 1,2,3. 

Since, by the definition of fi in Eq. © and Eq. (flU)) , 
it can be easily shown that fi is invariant under local 
unitary operations and fi is convex, it can be also shown 
that fi does not increase after applying operators in the 
depolarizing process [16[, that is, /,(p G Hz) < /i(pm) for 
each i = 1,2,3, and hence the given state P123 is useful 
for 3-qubit teleportation. 

Hence, if we take a = a\ = a 2 = a 3 and b = b± = b 2 = 
63 then we can readily show that if the quantity 

maxtr (p 123 B M ) (20) 

a, b 

is greater than 2 then P123 is useful for 3-qubit teleporta- 
tion. Therefore, we have the following relation between 
nonlocality and teleportation on 3-qubit states. 

Theorem 2 If a 3-qubit state p\ 23 violates the Mermin 
inequality with respect to H2U\) , then fi > 1/2 for all i = 
1,2,3, and hence it is useful for 3-qubit teleportation. 
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3-qubit states 
GHZ-distillable - 



Useful for 3-qubit teleportation -v 



Violate the Mermin inequality 



FIG. 2: The relations among the teleportation capability, dis- 
tillability, and nonlocality for 3-qubit states: The Mermin 
inequality we consider is the inequality with respect to the 
quantity ((20)) . 



By Theorem [T] and Theorem [21 we have two relations 
among the teleportation capability, distillability, and 
nonlocality for 3-qubit states as in 2-qubit states. The 
relations are seen in Fig. [2l 

We remark that if we consider the Mermin inequality 
with respect to the quantity 



maxtr {pvaBu) 



(21) 



Therefore, it can be obtained that if pghz violates any 
form of the Mermin inequality, then it is useful for 3-qubit 
teleportation. 



IV. CONCLUSIONS 

In conclusion, we have considered two relations among 
the maximal teleportation fidelity, the distillability of 
the GHZ state, and violation of the Mermin inequality. 
In order to investigate the relations, we have first pre- 
sented teleportation capability over 3-qubit states, and 
have found the explicit formula of the maximal telepor- 
tation fidelity as a quantity representing the teleportation 
capability. Then we have shown that if any 3-qubit state 
is useful for 3-qubit teleportation then the 3-qubit state 
is GHZ-distillable, and that if any 3-qubit state violates a 
specific Mermin inequality then the 3-qubit state is useful 
for 3-qubit teleportation. 

It is known that even though for n > 4 there exist n- 
qubit bound entangled states which violates the Mermin 
inequality Q, there exists at least one splitting of the 
n qubits into two groups such that pure-state entangle- 
ment can be distilled @, 0, @j. Therefore, if we would 
consider quantum communications between two or three 
groups then our results could be generalized into multi- 
qubit cases. 



where Bm is the Mermin operator in Eq. (|16j) . then 
Theorem [2] does not hold in general. For instance, 
|0)(|00) + I ll))/v / 2 violates the Mermin inequality with 
respect to (|2ip , but it is clear that the state is not useful 
for 3-qubit teleportation although f\ = 1. 

However, by direct calculations and the fact [|J that 
the value of Eq. (HU) for the GHZ state is 4, for any 4- 
parameter state /?ghz in Eq. we can explicitly find 
the maximum value in Eq. (|21[) , 



maxtr (pghzBm) = 4(Aj 

Si.bk 



V)- 



(22) 
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